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Exact ground states of a spin-1/2 Ising-Heisenberg model on the Shastry-Sutherland lattice with
Heisenberg intra-dimer and Ising inter-dimer couplings are found by two independent rigorous pro-
cedures. The first method uses a unitary transformation to establish a mapping correspondence with
an effective classical spin model, while the second method relies on the derivation of an effective
hard-core boson model by continuous unitary transformations. Both methods lead to equivalent
effective Hamiltonians providing a convincing proof that the spin-1/2 Ising-Heisenberg model on
the Shastry-Sutherland lattice exhibits a zero-temperature magnetization curve with just two in-
termediate plateaus at one-third and one-half of the saturation magnetization, which correspond to
stripe and checkerboard orderings of singlets and polarized triplets, respectively. The nature of the
remarkable stripe order relevant to the one-third plateau is thoroughly investigated with the help of
the corresponding exact eigenvector. The rigorous results for the spin-1/2 Ising-Heisenberg model
on the Shastry-Sutherland lattice are compared with the analogous results for the purely classical
Ising and fully quantum Heisenberg models. Finally, we discuss to what extent the critical fields of
SrCu2(BO3)2 and (CuCl)Ca2Nb3O10 can be described within the suggested Ising-Heisenberg model.
PACS numbers: 05.50.+q, 64.60.F-, 75.10.Jm, 75.30.Kz, 75.40.Cx
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I. INTRODUCTION
The spin-1/2 quantum Heisenberg model on a two-
dimensional orthogonal-dimer lattice has attracted con-
siderable attention since the pioneering work by Shas-
try and Sutherland, which has rigorously proved that
the ground state is exactly dimerized provided the inter-
dimer coupling is not stronger than a half of the intra-
dimer coupling.1 Later on, it has been verified by numer-
ous analytical and numerical methods that the singlet-
dimer state remains the true ground state even in a
wider parameter range, which is limited just by the up-
per value J ′/J ≈ 0.675 of the interaction ratio between
the inter-dimer and intra-dimer couplings.2–9 A lot of ef-
forts have been subsequently devoted to the magnetiza-
tion process of this frustrated quantum spin model, which
additionally reveals several intriguing quantum ground
states that macroscopically manifest themselves as inter-
mediate magnetization plateaus.10–17 Despite consider-
able efforts, there is still controversy and intense debate
about the total number, size and microscopic nature of
some intermediate magnetization plateaus.
Almost two decades after the spin-1/2 quantum
Heisenberg model on the Shastry-Sutherland lattice was
originally invented, the first experimental realization of
this rather curious theoretical model has been found in
the layered copper-based compound SrCu2(BO3)2. The
magnetic compound SrCu2(BO3)2 has thus offered a
long sought experimental verification of the singlet-dimer
state theoretically predicted by Shastry and Sutherland,1
because the actual ratio between the inter-dimer and
intra-dimer couplings J ′/J ≈ 0.63 is sufficiently small
in order to fall into the parameter range where the prod-
uct of singlet dimers is the exact ground state. Early
high-field magnetization measurements for SrCu2(BO3)2
have come up with convincing evidence of three sizable
plateaus at 1/8, 1/4 and 1/3 of the full magnetization
in addition to the expected plateau at zero magneti-
zation that corresponds to the singlet-dimer state.18–20
Subsequent torque measurements performed by Sebas-
tian et al.21 suggested the presence of several additional
plateaus besides the three most sizable plateaus men-
tioned previously. Steady field experiments supported by
NMR results16 have established the low-magnetization
sequence of plateaus to be 1/8, 2/15, 1/6 and 1/4.
At very high field, the first report in favor of a 1/2
plateau21,22 has been confirmed by recent magnetization
data for SrCu2(BO3)2 recorded at ultrahigh magnetic
fields which definitely established the presence of a robust
magnetization plateau at 1/2 of the saturation magneti-
zation, the width of which is nearly a half of that recorded
for the most extensive 1/3 plateau.23
Another excellent realization of a magnetic structure
relevant to the Shastry-Sutherland lattice is provided by
a rather extensive class of isostructural rare-earth tetra-
borides RB4 (R = Dy, Er, Tm, Tb, Ho).
24–32 How-
ever, the magnetic behavior of the rare-earth tetra-
borides RB4 is basically affected by the Ising (easy-axis)
anisotropy due to strong crystal-field effects acting on
rare-earth ions in contrast to the almost isotropic mag-
netic behavior of the transition-metal copper ions in
SrCu2(BO3)2. The metallic character along with the
2substantial Ising anisotropy make a comprehensive de-
scription of magnetic properties of the rare-earth tetra-
borides much more complex, because one has to take into
account the coupling between spin and electronic subsys-
tems described in terms of Ising (or XXZ Heisenberg)
and Falicov-Kimball models on the Shastry-Sutherland
lattice, respectively.33,34
In the present work, two independent rigorous ana-
lytical methods will be employed for investigating the
ground state of the spin-1/2 Ising-Heisenberg model
on the Shastry-Sutherland lattice in a magnetic field,
which accounts for the XXZ Heisenberg intra-dimer
and Ising inter-dimer couplings. The main goal for
our study is to identify the microscopic nature of spin
arrangements emerging within intermediate magnetiza-
tion plateaus through exact eigenstates of the spin-1/2
Ising-Heisenberg model on the Shastry-Sutherland lat-
tice, which may also have interesting implications for
the magnetization plateaus experimentally observed for
SrCu2(BO3)2 and RB4, as well as exact eigenstates of
the full quantum Heisenberg counterpart model.
The outline of this paper is as follows. In Sec. II the
Ising-Heisenberg model on the Shastry-Sutherland lattice
is defined and the basic steps of its rigorous treatment are
explained. The most interesting results for the ground-
state phase diagram and the nature of the spin arrange-
ments emerging in intermediate magnetization plateaus
are discussed in Sec. III. Finally, the most important out-
comes of our work are briefly summarized in Sec. IV.
II. THE ISING-HEISENBERG MODEL
Let us consider the spin-1/2 Ising-Heisenberg model
on the Shastry-Sutherland lattice with XXZ Heisenberg
intra-dimer interaction J(∆) and Ising inter-dimer inter-
action J ′ defined through the following Hamiltonian:
H = J
N∑
i,j=1
(s1,i,j · s2,i,j)∆ − h
N∑
i,j=1
(sz1,i,j+s
z
2,i,j)
+ J ′
N∑′
i,j=1
(sz1,i,j+s
z
2,i,j)(s
z
1,i+1,j+s
z
2,i−1,j)
+ J ′
N∑′′
i,j=1
(sz1,i,j+s
z
2,i,j)(s
z
1,i,j+1+s
z
2,i,j−1), (1)
where (s1,i,j · s2,i,j)∆ = ∆(sx1,i,jsx2,i,j + sy1,i,jsy2,i,j) +
sz1,i,js
z
2,i,j , s
α
l,i,j denotes spatial projections (α = x, y, z)
of the spin-1/2 operator, the first index l = 1, 2 enumer-
ates the spins inside of the Heisenberg dimer, the second
and third index determines the position of the dimer on
a virtual square lattice by specifying its column and row,
respectively (see Fig. 1). The first and second summa-
tions are carried out over all dimers in order to account
for the anisotropic XXZ Heisenberg intra-dimer inter-
action J(∆) and the Zeeman’s magnetostatic energy of
the spins in an external magnetic field h, while the third
(fourth) summation
∑′ (∑′′) restricted by the constraint
i+ j = odd (i+ j = even) extends over all vertical (hori-
zontal) dimers to account for the Ising inter-dimer inter-
action J ′.
The model defined by the Hamiltonian (1) can be al-
ternatively viewed as an assembly of spin-1/2 Heisen-
berg dimers on a fictitious square lattice composed of
two interpenetrating sublattices: one sublattice of hori-
zontal dimers (i + j = even) and one of vertical dimers
(i+j = odd). The nearest-neighbor spins from the dimers
belonging to different sublattices are coupled by the Ising
inter-dimer interaction. For further convenience, it is use-
ful to rewrite the total Hamiltonian (1) as a sum of local
cluster Hamiltonians:
H =
N∑′
i,j=1
Hi,[j−1:j+1] +
N∑′′
i,j=1
H[i−1:i+1],j , (2)
H[i−1:i+1],j=J(s1,i,j · s2,i,j)∆−h(sz1,i,j+sz2,i,j) (3)
+J ′[(sz1,i−1,j+s
z
2,i−1,j)s
z
1,i,j+s
z
2,i,j(s
z
1,i+1,j+s
z
2,i+1,j)],
Hi,[j−1:j+1]=J(s1,i,j · s2,i,j)∆−h(sz1,i,j+sz2,i,j)
+J ′[(sz1,i,j−1+s
z
2,i,j−1)s
z
1,i,j+s
z
2,i,j(s
z
1,i,j+1+s
z
2,i,j+1)],
which include all interaction terms between the nearest-
neighboring spins from spin clusters constituted by three
consecutive dimers arranged either in a horizontal or ver-
tical direction (see the spin cluster on the left-hand-side
of Fig. 2). Owing to the specific form of the Hamiltonian,
the z-component of the total spin Szi,j = s
z
1,i,j + s
z
2,i,j of
each Heisenberg dimer commutes with the total Hamil-
tonian (2) as well as with each local cluster Hamiltonian
(3). Hence, it follows that the z-component of the to-
tal spin Szi,j is a conserved quantity with well defined
quantum spin numbers and, consequently, all local clus-
ter Hamiltonians (3) also commute with each other. This
property is of fundamental importance for the reduction
of the total Hamiltonian (2) into a diagonal (Ising-like)
representation, which can be performed by two indepen-
dent approaches either based on local or continuous uni-
tary transformations.
A. Local unitary transformations
At first, let us briefly describe the basic steps of the
first method based on the local unitary transformation
for the spin-1/2 Heisenberg dimers. It is worthy to no-
tice that the local cluster Hamiltonians (3) are already
diagonal in a particular subspace Szi,j = ±1 of the Heisen-
berg dimers with equally oriented spins. To diagonalize
the local cluster Hamiltonians (3) in the other subspace
Szi,j = 0 spanned by two oppositely oriented spins of the
Heisenberg dimers, one may use the local unitary trans-
3(2,2i,2j−1)
(1,2i,2j−1)
(1,2i+1,2j)
(2,2i−1,2j) (1,2i+1,2j)
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FIG. 1: (Color online) Schematic illustration of the spin-1/2 Ising-Heisenberg model on the Shastry-Sutherland lattice with
the XXZ Heisenberg intra-dimer interaction J(∆) and the Ising inter-dimer interaction J ′. Thin (blue) lines show the Ising
coupling and thick (red) lines denote the Heisenberg coupling. Spins inside the Heisenberg dimers are enumerated from left to
right and from bottom to top, respectively (see also Fig. 2).
(2,i−1,j)
(1,i,j)
(1,i−1,j)
(2,i,j)
(1,i+1,j)
(2,i+1,j)
(i,j)
(i+1,j)(i−1,j)
FIG. 2: (Color online) Schematic representation of the local cluster Hamiltonian H[i−1:i+1],j formed by three consecutive dimers
in the horizontal direction and of its reduction to the Ising-like form.
formation acting nontrivially in this subspace only:
Ui,j =
(
1
2
+ 2sz1,i,js
z
2,i,j
)
+ exp [i2αi,js
x
1,i,js
y
2,i,j ]
(
1
2
− 2sz1,i,jsz2,i,j
)
, (4)
where the parameter αi,j is defined as follows:
4cosαi,j =
J ′(Szi+1,j − Szi−1,j)√
∆2J2 + J ′2(Szi+1,j − Szi−1,j)2
, sinαi,j =
∆J√
∆2J2 + J ′2(Szi+1,j − Szi−1,j)2
, for i+ j = even,
cosαi,j =
J ′(Szi,j+1 − Szi,j−1)√
∆2J2 + J ′2(Szi,j+1 − Szi,j−1)2
, sinαi,j =
∆J√
∆2J2 + J ′2(Szi,j+1 − Szi,j−1)2
, for i+ j = odd. (5)
It is quite evident from Eq. (5) that the transforma-
tion parameter αi,j for the horizontal (vertical) Heisen-
berg dimer depends on the z-component of the total spin
on two adjacent vertical (horizontal) Heisenberg dimers.
Applying the unitary transformation (4) to the local clus-
ter Hamiltonian (3) one obtains the following diagonal
(Ising-like) representation of the local cluster Hamiltoni-
ans:
Ui,jH[i−1:i+1],jU
+
i,j =
|∆J |
2
(sz2,i,j − sz1,i,j) + Jsz1,i,jsz2,i,j − h(sz1,i,j + sz2,i,j) +
1
2
(sz2,i,j − sz1,i,j)I(|Szi+1,j − Szi−1,j |)
+
J ′
2
(sz1,i,j + s
z
2,i,j)(S
z
i+1,j + S
z
i−1,j),
Ui,jHi,[j−1:j+1]U
+
i,j =
|∆J |
2
(sz2,i,j − sz1,i,j) + Jsz1,i,jsz2,i,j − h(sz1,i,j + sz2,i,j) +
1
2
(sz2,i,j − sz1,i,j)I(|Szi,j+1 − Szi,j−1|)
+
J ′
2
(sz1,i,j + s
z
2,i,j)(S
z
i,j+1 + S
z
i,j−1), (6)
where
I(|Szi+1,j−Szi−1,j |)=δ(|Szi+1,j−Szi−1,j |−1)
(√
∆2J2+J ′2−|∆J |
)
+δ(|Szi+1,j−Szi−1,j |−2)
(√
∆2J2+4J ′2−|∆J |
)
≥ 0,(7)
δ(|Szi+1,j − Szi−1,j | − 1) = [(Szi+1,j)2 − (Szi−1,j)2]2, δ(|Szi+1,j − Szi−1,j | − 2) =
1
2
Szi−1,jS
z
i+1,j(S
z
i−1,jS
z
i+1,j − 1). (8)
Here, the symbol δ(. . . ) is used for the Kronecker delta
function. It can be readily understood from Eq. (6)
that the transverse XX-part of the Heisenberg intra-
dimer coupling produces due to the local unitary trans-
formation (4) an effective staggered field of magnitude
∆J/2 and a more complex effective multispin interac-
tion, whose specific form depends basically mainly on
the difference between the z-components of the total
spin on two adjacent Heisenberg dimers. A graphical
representation of the unitary transformation (4) is de-
picted in Fig. 2. Another important implications fol-
low from the commutation relation [Ui,j , H[i′−1:i′+1],j′ ] =
[Ui,j , Hi,[j′−1:j′+1]] = 0 for i 6= i′ or j 6= j′. Owing to this
fact, one may separately apply the unitary transforma-
tion (4) to each Heisenberg dimer and consequently, the
whole Hamiltonian (2) can be reduced to the following
Ising-like (diagonal) representation:
H˜ =
N∑
i,j=1
H˜0i,j +
N∑′
i,j=1
V˜i,[j−1:j+1] +
N∑′′
i,j=1
V˜[i−1:i+1],j , (9)
where
H˜0i,j =
|∆J |
2
(sz2,i,j − sz1,i,j) + Jsz1,i,jsz2,i,j − h(sz1,i,j + sz2,i,j),
V˜[i−1:i+1],j=
1
2
(sz2,i,j−sz1,i,j)I(|sz1,i+1,j+sz2,i+1,j−sz1,i−1,j−sz2,i−1,j |)+
J ′
2
(sz1,i,j+s
z
2,i,j)(s
z
1,i+1,j+s
z
2,i+1,j+s
z
1,i−1,j+s
z
2,i−1,j)
V˜i,[j−1:j+1]=
1
2
(sz2,i,j−sz1,i,j)I(|sz1,i,j+1+sz2,i,j+1−sz1,i,j−1−sz2,i,j−1|)+
J ′
2
(sz1,i,j+s
z
2,i,j)(s
z
1,i,j+1+s
z
2,i,j+1+s
z
1,i,j−1+s
z
2,i,j−1).
(10)
5The schematic representation of the classical spin model
defined by the effective Hamiltonian (9) is presented in
Fig. 3.
B. Continuous unitary transformations
Next we are aiming at an alternative derivation of
an effective low-energy model based on continuous uni-
tary transformations which also gives the magnetization
curve of the Ising-Heisenberg model. In its perturba-
tive formulation35,36 which can be applied for ∆ = 1,
this method has been already applied succesfully for the
full quantum Heisenberg model on the two-dimensional
Shastry-Sutherland lattice14 as well as on quasi one-
dimensional variants of the lattice37,38. Here we ap-
ply also the method of perturbative continuous unitary
transformations (pCUTs) along the same lines, but more
importantly, we show that the recently formulated non-
perturbative graph-based continuous unitary transforma-
tions (gCUTs)39 yield the exact low-energy model for any
∆ in agreement with the approach of the previous section
based on local unitary transformations.
First, we rewrite the Ising-Heisenberg model in the
form
Hˆ
J
=
∑
〈i,j〉
~Si · ~Sj + x
∑
〈〈i,j〉〉
Szi S
z
j +
h
J
∑
i
Szi
= −
(
3
4
)Nd
+
∑
ν,α
tˆ†ν,αtˆν,α+x
(
Tˆ−1+Tˆ0+Tˆ1
)
+
h
J
Hˆh
= E0 + Qˆ+ x
(
Tˆ−1 + Tˆ0 + Tˆ1
)
+
h
J
Hˆh , (11)
where we use different notation for the sake of conve-
nience, i.e. i, j enumerate the spins, and 〈i, j〉 (〈〈i, j〉〉)
stands for the summation over all intra-dimer (inter-
dimer) interaction. Finally, x = J ′/J corresponds to
the natural perturbation parameter inside the singlet-
dimer phase and tˆ†ν,α (tˆν,α) denote triplet creation (an-
nihilation) operators on dimer ν with magnetic quantum
number α ∈ {−1, 0 + 1}, i.e. |tα〉 ≡ tˆ†α|s〉 on a single
dimer. The latter operators are used to split the intra-
dimer interactions, proportional to x, into operators Tˆn
so that Tˆn contains all processes, which change the num-
ber of triplets by n ∈ {−1, 0, 1}. For the Ising-Heisenberg
model, all operators with n = 0 represent triplet-triplet
interactions while operators with n = 1 (n = −1) cre-
ate (destroy) a triplet if a second triplet is present on an
appropriate nearest-neighbor dimer.
The essential goal is now to transform Eq. (11) into
an effective model conserving the number of triplons so
that the effective Hamiltonian after the continuous uni-
tary transformation commutes with the counting opera-
tor Qˆ. Triplons with total spin one are the elementary
excitations of coupled-dimer systems and can be viewed
as triplets dressed with a polarization cloud.40 In a finite
magnetic field, the relevant processes for the magneti-
zation process above the singlet-dimer phase have maxi-
mum values of total Sz as long as bound states of triplons
with different quantum numbers do not become relevant
at low energies.37 Here we focus on this channel, but we
stress that also all other channels with different quantum
numbers could be calculated within the same framework.
The general form of the effective low-energy model is then
given by
Heff
J
= E0 +
h
J
Hˆh +
∑
i,δ
toδ b
†
i+δbi
+
∑
i,δn
V oδ1,δ2,δ3 b
†
i+δ3
b†i+δ2bi+δ1bi . . . , (12)
where the sums run over the sites i of the effective square
lattice built by dimers of the Shastry-Sutherland model
and o ∈ {v, h} gives the orientation vertical or horizontal
of dimer i. The dots ”. . .” represent terms containing
more than four operators. The hardcore boson opera-
tor b†i (bi ) corresponds to the creation (annihilation) of
a triplet |t1〉 on dimer i. Note that the constant E0 is
the same as the one before the continuous unitary trans-
formation since the product state of singlets is an exact
eigenstate.
Often the effective low-energy model is derived as a
high-order series expansion in x = J ′/J using the pCUT
method. For the problem at hand, this is only possible
for ∆ = 1 where the unperturbed part of the Hamil-
tonian (x = 0) has an equidistant spectrum. To this
end the amplitudes of the effective model are determined
in the thermodynamic limit by exploiting the linked-
cluster theorem, i.e. calculations on finite clusters are
sufficient in order to treat all quantum fluctuations of
a finite perturbative order correctly. The conventional
quantum Heisenberg model on the Shastry-Sutherland
is already special with regards to the linked-cluster ex-
pansion since the singlet ground state is an exact eigen-
state and therefore no quantum fluctuations are present
in the ground state. This is different for excitations,
since triplets can be excited on neighboring dimers if a
triplet is already present. As a consequence, there ex-
ist virtual fluctuations of triplets whose spatial extension
scales with the perturbative order. The resulting effec-
tive hardcore boson model therefore contains quantum
fluctuations, e.g. correlated hopping terms or many-body
interactions, to arbitrary distances and the problem can-
not be solved exactly14,38.
This is fundamentally different for the Ising-Heisenberg
model. Here one has exact local conservation laws since
the magnetic quantum number on dimers is a conserved
quantity. This has dramatic consequences: First, single
triplets |t1〉 remain static. The only quantum fluctua-
tion existing is the conversion of singlets into triplets |t0〉
for two of the four dimers being nearest neigbors of a
triplet |t1〉. Quantum fluctuations are therefore confined
to nearest-neighbor dimers and the extension does not
scale with the perturbative order. Second, the operator
6(2i+1,2j)
(2i,2j)(2i−1,2j)
(2i−1,2j)
(2i+2,2j)
(2i,2j−1)
(2i+1,2j−1)
(2i+2,2j−1)
(2i−1,2j−1)
(2i−1,2j−1)
FIG. 3: (Color online) Schematic representation of the effective classical spin model on the Shastry-Sutherland lattice obtained
by applying the local unitary transformation (4) to each Heisenberg dimer.
Tˆ0 does not link different dimers. As a consequence, the
range and the number of operators in the effective model
Eq. (12) is finite which sets the basis for an exact solu-
tion.
All amplitudes of the effective model can be deter-
mined on graphs consisting of at most three neighboring
dimers in x- or y-direction, i.e. the number and the size
of graphs is tiny. One can therefore derive these ampli-
tudes easily by pCUTs as a series expansion in J ′/J for
∆ = 1. More importantly, one can determine the conti-
butions exactly on the finite set of graphs with gCUTs for
any value of ∆ which we would like to examplify for the
chemical potential µ. First, there is the local contribution
µ(1) ≡ 〈t1|Qˆ|t1〉 = (1 + ∆)/2 to the chemical potential.
The only other contribution to the chemical potential can
be calculated on a graph of two nearest-neighbor dimers,
e.g. oriented in x-direction such that the left dimer is a
horizonzal one. As a bare one-particle reference state we
take |0〉 ≡ |s〉|t1〉. The intra-dimer interaction
∑
n Tˆn
creates only the single state |1〉 ≡ |t0〉|t1〉 so that the cal-
culation reduces to the diagonalization of the single 2x2
matrix 〈α′|〈β′|Hˆ |α〉|β〉 with α(′), β(′) ∈ {0, 1}. The low-
est eigenvalue of this matrix is ∆+ 12− 12
√
∆2 + x2 which
corresponds to the sum µ(1)+µ(2). Exactly the same kind
of contribution is obtained for the two-dimer graph in x-
direction such that the triplet |t1〉 is located on a vertical
dimer which is left. Therefore, the complete expression
for the chemical potential in the thermodynamical limit
is given non-perturbatively by
µ ≡ µ(1) + 2µ(2) = 1 + 3∆
2
−
√
∆2 + x2 , (13)
which reduces to the pCUT expresion for ∆ = 1 when
performing a Taylor series in x (see below). The same
kind of reasoning can be done for all other contributions
to the effective model. One obtains
Hˆeff
J
= µ
∑
i
nˆi + V1
∑
〈i,j〉
nˆinˆj + V3
[ ∑
i vertical
nˆi(1 − nˆi+ex)nˆi+2ex +
∑
i horizontal
nˆi(1 − nˆi+ey )nˆi+2ey
]
, (14)
where all three amplitudes are given exactly by
µ =
1 + 3∆
2
−
√
∆2 + x2
=
1 +∆
2
− 1
2∆
x2 +
1
8∆3
x4 . . . (15)
V1 = −∆− x
2
+
1
2
√
∆+ x2
=
1
2
x+
1
4∆
x2 − 1
16∆3
x4 . . . (16)
7V3 = −∆+
√
∆2 + x2
=
1
2∆
x2 − 1
8∆3
x4 . . . . (17)
The effective model is purely classical since it solely con-
sists of diagonal operators such as the chemical potential
and density-density interactions. Besides the two repul-
sive two-particle interactions, there is also one attractive
three-body interaction for three neighboring particles in
x- or y-direction depending on the orientation. The lead-
ing perturbative order of all couplings corresponds to
the ones of the full quantum Heisenberg model on the
Shastry-Sutherland lattice for ∆ = 114. The essential
difference is the absence of off-diagonal operators such as
correlated hopping processes which introduce quantum
fluctuations in the effective low-energy model. Finally,
it might be convenient to relate the interactions to the
chemical potential which gives V1 =
1
2 (1 + x − µ) and
V3 = 1− µ.
C. Correspondence
Both formulations are equivalent if we notice the cor-
respondence between spin states in (9) and hard-core
bosons in (14). The empty site (i, j) in the parti-
cle formulation corresponds to the spin configuration
sz1,i,j =
1
2 , s
z
2,i,j = − 12 on a dimer, while occupied sites
have sz1,i,j =
1
2 , s
z
2,i,j =
1
2 .
Let us briefly describe the correspondence between
eigenstates of the initial and diagonalized local clus-
ter Hamiltonians, the latter being diagonal in the basis
spanned over four eigenstates of the spin operators sz1,i
and sz2,i. Applying the inverse unitary transformation
one obtains the following relations between the relevant
eigenstates:
|↑˜1,i,j ↑˜2,i,j〉 = U+i,j | ↑1,i,j↑2,i,j〉 = | ↑1,i,j↑2,i,j〉,
|↓˜1,i,j ↓˜2,i,j〉 = U+i,j | ↓1,i,j↓2,i,j〉 = | ↓1,i,j↓2,i,j〉,
|↑˜1,i,j ↓˜2,i,j〉 = U+i,j | ↑1,i,j↓2,i,j〉
= cos
αi,j
2
| ↑1,i,j↓2,i,j〉 − sin αi,j
2
| ↓1,i,j↑2,i,j〉,
|↓˜1,i,j ↑˜2,i,j〉 = U+i,j | ↓1,i,j↑2,i,j〉
= sin
αi,j
2
| ↑1,i,j↓2,i,j〉+ cos αi,j
2
| ↓1,i,j↑2,i,j〉. (18)
Note that the mixing angle αi,j entering the two anti-
ferromagnetic eigenstates of the central dimer depends,
according to Eq. (5), just on the difference between the
total spin of neighboring dimers. The first two polarized
triplet states with total spin Szi,j = ±1 are not affected
at all by the unitary transformation since the initial local
cluster Hamiltonian was diagonal in this particular sub-
space, while the other two antiferromagnetic states with
total spin Szi,j = 0 are quantum-mechanically mixed by
the unitary transformation. As a result, the classical an-
tiferromagnetic states |↑˜1,i,j ↓˜2,i,j〉 and |↓˜1,i,j ↑˜2,i,j〉 of the
diagonalized cluster Hamiltonian correspond to the quan-
tum antiferromagnetic order that is subject to a quan-
tum reduction of the magnetization given by 〈sz1,i,j〉 =
−〈sz2,i,j〉 = ± 12 cosαi,j (〈sz1,i,j〉 = −〈sz2,i,j〉 = ∓ 12 cosαi,j)
in the state |↑˜1,i,j ↓˜2,i,j〉 (|↓˜1,i,j ↑˜2,i,j〉).
III. RESULTS AND DISCUSSION
In this section, we report all exact ground states of
the spin-1/2 Ising-Heisenberg model on the Shastry-
Sutherland lattice, which will be subsequently used for
constructing the complete ground-state phase diagram
in a field. In what follows, we consider only the par-
ticular case of antiferromagnetic interactions J > 0 and
J ′ ≥ 0. The z-component of the XXZ Heisenberg intra-
dimer coupling will be used as the energy unit by setting
J = 1.
First, it can be easily checked that the diagonal form of
the local cluster Hamiltonian (6) has always lower energy
for the spin configuration sz1,i,j =
1
2 , s
z
2,i,j = − 12 than for
the reverse spin configuration sz1,i,j = − 12 , sz2,i,j = 12
provided the exchange anisotropy ∆ > 0. Hence, it
follows that the latter antiferromagnetic state can be
thoroughly excluded from further considerations when
looking for the lowest-energy eigenstates of the spin-1/2
Ising-Heisenberg model on the Shastry-Sutherland lat-
tice, but it cannot be neglected in the special Ising limit
∆ = 0. To find all possible ground states of the Ising-
Heisenberg model with ∆ > 0, it is therefore sufficient to
consider all spin configurations accessible entirely from
three states of the diagonalized local cluster Hamilto-
nians: sz1,i,j = s
z
2,i,j =
1
2 , s
z
1,i,j = −sz2,i,j = 12 , and
sz1,i,j = s
z
2,i,j = − 12 , which can be alternatively identified
as fictitious spin states Szi,j = +1, 0,−1 of some classical
effective spin-1 model. The diagonal form of the Hamil-
tonian (9)-(10) can be then rewritten into the following
form:
H˜ =
N∑
i,j=1
H˜0i,j +
N∑′
i,j=1
V˜i,[j−1:j+1] +
N∑′′
i,j=1
V˜[i−1:i+1],j ,
H˜0i,j = −
1 + ∆
2
J [1− (Szi,j)2] +
J
4
− hSzi,j ,
V˜[i−1:i+1],j=−
1
2
[1− (Szi,j)2]I(|Szi+1,j − Szi−1,j |)
+
J ′
2
Szi,j(S
z
i+1,j + S
z
i−1,j),
V˜i,[j−1:j+1]=−
1
2
[1− (Szi,j)2]I(|Szi,j+1 − Szi,j−1|)
+
J ′
2
Szi,j(S
z
i,j+1 + S
z
i,j−1). (19)
It should be noted that the analogous spin-1 representa-
tion is also valid for the particular case with ∆ = 0, which
corresponds to the purely classical spin-1/2 Ising model
on the Shastry-Sutherland lattice. Unlike the previous
8case, the effective staggered field ∆J/2 completely van-
ishes in the limiting Ising case ∆ = 0 and consequently,
two antiferromagnetic states sz1,i,j = −sz2,i,j = ± 12 can
have equal energies unless the effective interaction among
three consecutive dimers makes the energy of the anti-
ferromagnetic state sz1,i,j = −sz2,i,j = 12 lower. Thus,
the two-fold degeneracy of the antiferromagnetic states
sz1,i,j = −sz2,i,j = ± 12 on all dimers can lead to a highly
degenerate ground-state manifold for the spin-1/2 Ising
model on the Shastry-Sutherland lattice in contrast to
the spin-1/2 Ising-Heisenberg model with ∆ > 0.
By inspection, we have found by minimizing the ef-
fective Hamiltonian (19) six distinct ground states (see
Fig. 4 for a schematic illustration of individual ground
states):
• the unique singlet-dimer (SD) phase constituted by
a direct product over singlet-dimer states on the
Heisenberg dimers (see Fig. 4(a),(b)):
|SD〉 =
N∏
i,j
|0˜i,j〉 =
N∏
i,j
|Si,j〉, (20)
|Si,j〉 = 1
2
(| ↑1,i,j↓2,i,j〉 − | ↓1,i,j↑2,i,j〉). (21)
• the highly degenerate Ising-dimer (ID) phase con-
stituted by a direct product over two-fold degen-
erate antiferromagnetic states | ↑1,i,j↓2,i,j〉 and
| ↓1,i,j↑2,i,j〉 on all dimers. This ground state has
a high macroscopic degeneracy proportional to the
total number of dimers 2N
2
and it only exists in
the Ising limit ∆ = 0.
• the antiferromagnetic (AF) phase formed by a di-
rect product over two kinds of polarized triplet
states Szi,j = ±1 of the dimers, which regularly al-
ternate in a such way that each dimer is polarized
in opposite direction with respect to all its nearest-
neighbor dimers (see Fig. 4(c),(d)):
|AF〉 =

 N∏′
i,j=1
|↓˜i,j〉



 N∏′′
i,j=1
|↑˜i,j〉


=

 N∏′
i,j=1
| ↓1,i,j↓2,i,j〉



 N∏′′
i,j=1
| ↑1,i,j↑2,i,j〉

 .(22)
In these expressions, the symbols
∏′
and
∏′′
de-
note the products over all vertical dimers (i+ j) =
odd and all horizontal dimers (i + j) = even, re-
spectively. The AF ground state is doubly degen-
erate, because another state can be created from
the eigenstate (22) by inter-changing the states of
the horizontal and vertical dimers.
• the stripe 1/3-plateau phase in which each diago-
nal stripe of the polarized dimers regularly alter-
nates with two stripes of dimers in a spin-singlet-
like (non-magnetic) state (see Fig. 4(e),(f)):
|m = 1/3〉 =

 N∏′
i,j=1
|↑˜i,j〉



 N∏′′
i,j=1
|0˜i,j〉



 N∏′′′
i,j=1
|0˜i,j〉


=

 N∏′
i,j=1
| ↑1,i,j↑2,i,j〉



 N∏′′
i,j=1
|φ(−)i,j 〉



 N∏′′′
i,j=1
|φ(+)i,j 〉

 ,
(23)
|φ(±)i,j 〉 = cos
α(±)
2
| ↓1,i,j↑2,i,j〉 − sin α
(±)
2
| ↑1,i,j↓2,i,j〉.
(24)
Here, the symbols
∏′
,
∏′′
,
∏′′′
denote products
over indices i + j = 3L + 1, 3L + 2, 3L or i − j =
3L + 1, 3L + 2, 3L (L is any integer), the mixing
angle α(±) in the spin-singlet-like states |φ(±)i,j 〉 is
defined as α(±) = arctan(±∆J/J ′) with α ∈ [0, π].
The spin-singlet-like states capture the quantum
antiferromagnetic order on the Heisenberg dimers,
which can be characterized by a non-zero but not
fully saturated staggered magnetization related to
the quantum reduction of the local magnetizations
depending on the mutual competition between the
Ising inter-dimer interaction and the transverse
XX-part of the Heisenberg intra-dimer interaction
〈sz1,i,j〉φ(±) = −〈sz2,i,j〉φ(±) = ±
1
2
J ′√
∆2J2 + J ′2
, (25)
where 〈· · · 〉φ(±) = 〈φ(±)i,j | · · · |φ(±)i,j 〉. This ground
state is six-fold degenerate, since other five states
can be created from the eigenstate (23) by transla-
tion and/or reflection.
• the checkerboard 1/2-plateau phase in which the
singlet-dimer state on the vertical dimers regularly
alternates with the polarized state on the horizontal
dimers or vice versa (see Fig. 4(g),(h)):
|m = 1/2〉 =

 N∏′
i,j=1
|0˜i,j〉



 N∏′′
i,j=1
|↑˜i,j〉


=

 N∏′
i,j=1
|Si,j〉



 N∏′′
i,j=1
| ↑1,i,j↑2,i,j〉

 .(26)
Here, the symbols
∏′ and ∏′′ denote the products
over all vertical dimers (i + j) = odd and all hor-
izontal dimers (i + j) = even, respectively. This
ground state is doubly degenerate because of the
possible inter-change of the states of vertical and
horizontal dimers.
• the saturated paramagnetic phase with the fully
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FIG. 4: (Color online) Schematic representation of exact ground states of the spin-1/2 Ising-Heisenberg model on the Shastry-
Sutherland lattice. The left and right panels show spin arrangements relevant to the classical effective spin model given by the
Hamiltonian (19) and the original quantum spin model defined through the Hamiltonian (2), respectively. The rows from top to
bottom correspond to the singlet-dimer phase, the antiferromagnetic phase, the stripe 1/3-plateau phase and the checkerboard
1/2-plateau phase. Shaded (transparent) dimers on the left panel denote the polarized triplet (singlet) states. On the right
panel, the ellipse denotes a singlet-dimer state, filled circles denote spins oriented in a direction of the external magnetic field,
empty circles denote spins oriented in opposite to the external magnetic field, whereas the reduced diameter of both kinds of
circles corresponds to the quantum reduction of the local magnetization (25).
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polarized dimers:
|m = 1〉 =
N∏
i,j=1
|↑˜i,j〉 =
N∏
i,j=1
| ↑1,i,j↑2,i,j〉. (27)
At this stage, we can adapt the procedure developed
in Refs. [41,42] for the classical spin-1/2 Ising model
on the Shastry-Sutherland lattice in order to find out
whether or not some of the exact eigenstates (20)–(27)
represents true ground state in a particular parameter
range. For this purpose, it is useful to rewrite at first
the overall configurational energy as a sum of energies
of local cluster Hamiltonians that depend solely on the
z-component of the total spin on all dimers:
H ′[i−1:i+1],j(S
z
i−1,j , S
z
i,j , S
z
i+1,j) = V˜[i−1:i+1],j −
h
4
(Szi−1,j + 2S
z
i,j + S
z
i+1,j)−
(1 + 2∆)J
4
+
(1 + ∆)J
2
{
γ
[
(Szi−1,j)
2 + (Szi+1,j)
2
]
+ (1− 2γ)(Szi,j)2
}
,
H ′i,[j−1:j+1](S
z
i,j−1, S
z
i,j , S
z
i,j+1) = V˜i,[j−1:j+1] −
h
4
(Szi,j−1 + 2S
z
i,j + S
z
i,j+1)−
(1 + 2∆)J
4
+
(1 + ∆)J
2
{
γ
[
(Szi,j−1)
2 + (Szi,j+1)
2
]
+ (1 − 2γ)(Szi,j)2
}
, (28)
which involve a new free parameter γ to be determined
later on. Let us also introduce the simplified notation
E(Sz1 , S
z
2 , S
z
3 ) for the configurational energy of the lo-
cal cluster Hamiltonian (28) involving three consecutive
dimers either in a horizontal or vertical direction. Thus,
the total energy of the model is a sum of the configu-
rational energies E(Sz1 , S
z
2 , S
z
3 ) of all clusters (28). To
get the ground state we have to find the cluster config-
urations (Sz1 , S
z
2 , S
z
3 ) which attain the lowest energy and
to assemble a state of the whole system from them. All
states created by such a way correspond to the ground
state of the effective classical spin model. Finally, the
inverse transformations U+i,j (see Eq.(18)) is applied to
recover the ground state of the initial Ising-Heisenberg
model (1).
In an absence of the external magnetic field h = 0, we
can choose the parameter γ = 1/2 in order to satisfy the
condition that the configurational energy E(0, 0, 0) is the
lowest for J ′ < (1+∆)J/2, otherwise the configurational
energies E(1,−1, 1) = E(−1, 1,−1) achieve the lowest
value. In this respect, the singlet-dimer phase constitutes
the zero-field ground state for J ′ < (1 + ∆)J/2, since
it totally consists of the lowest-energy clusters with the
configuration (0, 0, 0). On the contrary, the lowest-energy
clusters with the configurations (1,−1, 1) and (−1, 1,−1)
can regularly alternate in order to produce the other zero-
field antiferromagnetic ground state if the reverse condi-
tion J ′ > (1 + ∆)J/2 is met.
The situation becomes a bit more involved in non-
zero magnetic field. It is clear from Fig. 4(e),(f) that
the stripe 1/3-plateau phase can be established from the
clusters (0,1,0) and (1,0,0), each of which contains just
one polarized dimer from three consecutive dimers ei-
ther at a central or a side position. Thus, it is necessary
to verify that the energies of such clusters may become
equal to each other and that they are simultaneously
lowest in a certain parameter region in order to check
whether or not the stripe 1/3-plateau phase may become
the ground state. The appropriate value of the parame-
ter γ can be therefore found according to the condition
E(0, 1, 0) = E(1, 0, 0):
γ =
2
3(1 + ∆)J
(
−h
4
+
J
2
+
1
2
√
∆2J2 + J ′2
)
. (29)
The calculation of this specific value (29) provides
evidence that the configurational energies satisfy the
inequality E(0, 0, 0) < E(0, 1, 0) = E(1, 0, 0) for
J ′ < (1 + ∆)J/2 if the magnetic field is smaller than the
first critical value (h < h1)
h1 =
(1 + 3∆)J
2
−
√
∆2J2 + J ′2, (30)
while the configurational energies obey the inequality
E(1,−1, 1) = E(−1, 1,−1) < E(0, 1, 0) = E(1, 0, 0) for
J ′ > J(1+∆)/2 if the magnetic field is below the second
critical value (h < h2)
h2 = 3J
′ − J −
√
∆2J2 + J ′2. (31)
It should be noted that the energies of all other configu-
rations not mentioned in the inequalities above and be-
low have even higher values for the considered fields and
interactions, and, therefore, they are irrelevant. These
results suggest that the stripe 1/3-plateau phase is en-
ergetically favored with respect to the singlet-dimer and
antiferromagnetic phases for the magnetic fields h > h1
if J ′ < (1 + ∆)J/2 and h > h2 if J
′ > (1 + ∆)J/2,
respectively. Furthermore, the configurational energies
pertinent to the stripe 1/3-plateau phase fulfill the con-
dition E(0, 1, 0) = E(1, 0, 0) < E(1, 0, 1) as long as the
11
magnetic field does not exceed the third critical value
(h < h3)
h3 =
(1− 3∆)J
2
+ 2
√
∆2J2 + J ′2, (32)
above which the checkerboard 1/2-plateau phase devel-
ops in the ground state on account of a regular alterna-
tion of the clusters (1,0,1) and (0,1,0). The special value
of the parameter γ = 1/4 can be used to obtain the lower
and upper boundaries for the checkerboard 1/2-plateau
phase defined by the conditions E(1, 0, 0) < E(0, 1, 0) =
E(1, 0, 1) < E(1, 1, 1). The left inequality is valid for
h > h3, while the right one is satisfied if the magnetic
field is smaller than a fourth critical field given by
h4 = 2J
′ +
(1 +∆)J
2
. (33)
It is quite evident from the previous argumentation that
the special value of the magnetic field h4 corresponds
to the saturation field, above which the investigated sys-
tem passes to the saturated paramagnetic phase with the
fully polarized dimers into the direction of the external
magnetic field.
Let us conclude our discussion about the ground
state of the spin-1/2 Ising-Heisenberg model on the
Shastry-Sutherland lattice by summarizing our find-
ings. The zero-field ground state is either formed by
the singlet-dimer phase for weaker Ising inter-dimer
couplings J ′ < (1 + ∆)J/2 or by the classical antifer-
romagnetic phase for stronger Ising inter-dimer cou-
plings J ′ > (1 + ∆)J/2. The singlet-dimer phase remains
the ground state at sufficiently small magnetic fields
h < h1 when J
′ < (1 + ∆)J/2 and similarly the ground
state remains in the antiferromagnetic phase at small
enough magnetic fields h < h2 when J
′ > (1 + ∆)J/2.
The singlet-dimer and antiferromagnetic phases are re-
placed with the stripe 1/3-plateau phase, which be-
comes the ground state for intermediate magnetic fields
h3 > h > h1 provided J
′ < (1 + ∆)J/2 and, respectively,
h3 > h > h2 if J
′ > (1 + ∆)J/2. The checkerboard 1/2-
plateau phase is energetically favored over the stripe 1/3-
plateau phase for magnetic fields h > h3, and this ground
state persists up to the saturation field h < h4. For
strong enough magnetic field h > h4, the system ends up
in the saturated paramagnetic phase with fully polarized
dimers along the external magnetic field.
The model with ferromagnetic Ising interaction J ′ < 0
can be considered in the same manner as above. Tak-
ing γ = 1/2 we find that in zero field the singlet state
remains the ground state until |J ′| < (1 + ∆)J/2, oth-
erwise the ferromagnetic phase becomes favorable. In
contrast to J ′ > 0, there are no fractional plateaux. The
magnetization jumps at
hc =
(1 +∆)J
2
− |J ′| (34)
from zero in non-magnetic singlet-dimer phase to the
maximal value in the saturated phase. To prove this
statement, one has to use γ determined from the condi-
tion E(1, 0, 0) = E(0, 1, 0)
To provide a more complete understanding of the over-
all ground-state behavior, we have plotted in Fig. 5
ground-state phase diagrams of the spin-1/2 Ising-
Heisenberg model on the Shastry-Sutherland lattice for
a few selected values of the exchange anisotropy ∆. A
comparison between the displayed ground-state phase di-
agrams allows us to clarify the effect of quantum fluc-
tuations pertinent to the XXZ Heisenberg intra-dimer
interaction, the strength of which is controlled by the ex-
change anisotropy ∆. It can be seen from Fig. 5(a) that
we have correctly recovered in the Ising limit ∆ = 0 the
ground-state phase diagram of the spin-1/2 Ising model
on the Shastry-Sutherland lattice reported previously by
Dublenych [41], which involves the Ising-dimer phase,
the antiferromagnetic phase, the stripe 1/3-plateau phase
and the saturated paramagnetic phase. It is noteworthy
that all aforementioned phases become purely classical
in the limiting case ∆ = 0, i.e. there is no quantum
reduction of local magnetizations within the stripe 1/3-
plateau phase and no quantum entanglement between
two-fold degenerate antiferromagnetic states within the
Ising-dimer phase due to the complete lack of quantum
fluctuations. On the other hand, the macroscopically de-
generate Ising-dimer phase is transformed into the unique
singlet-dimer phase with a perfect quantum entangle-
ment between two antiferromagnetic states once the ex-
change anisotropy in the XXZ Heisenberg intra-dimer
coupling becomes non-zero (i.e. ∆ > 0). It should be em-
phasized, moreover, that the ground-state phase diagram
of the spin-1/2 Ising-Heisenberg model on the Shastry-
Sutherland lattice remains qualitatively unchanged for
any non-zero value of the exchange anisotropy ∆ > 0
[c.f. Figs. 5(b),(c),(d)]. The most fundamental difference
between the spin-1/2 Ising and Ising-Heisenberg mod-
els on the Shastry-Sutherland lattice thus consists in the
presence of the checkerboard 1/2-plateau phase in the
ground-state phase diagram of the latter model, which
is however totally absent in the ground-state phase dia-
gram of the former model. A more subtle difference can
be still found within the stripe 1/3-plateau phase even
though this phase is present in the ground-state phase
diagram of the Ising as well as Ising-Heisenberg model.
In fact, the stripe 1/3-plateau phase undergoes according
to Eq. (25) a quantum reduction of local magnetizations
of the Ising-Heisenberg model with ∆ > 0 in contrast to
fully saturated local magnetizations of the Ising model
with ∆ = 0. The quantum reduction of local magnetiza-
tions within the stripe 1/3-plateau state is the stronger,
the greater the transversal part of the XXZ Heisenberg
intra-dimer interaction is (i.e. the greater the parame-
ter ∆ is). As far as two intermediate plateau states are
concerned, one may generally observe the following gen-
eral trends: (i) the easy-axis exchange anisotropy shrinks
the width of the checkerboard 1/2-plateau until it com-
pletely disappears in the Ising limit ∆ = 0; (ii) the easy-
plane exchange anisotropy shrinks a width of the stripe
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FIG. 5: Ground-state phase diagram of the spin-1/2 Ising-Heisenberg model on the Shastry-Sutherland model in the J ′ − h
plane for several values of the exchange anisotropy: (a) ∆ = 0.0, (b) ∆ = 0.25, (c) ∆ = 1.0, (d) ∆ = 2.0.
1/3-plateau although this plateau state does not entirely
vanish in the XX limit ∆→∞.
Next, let us make a few comments on the ground-state
boundaries between different phases, where an extremely
high macroscopic degeneracy may come into play. For in-
stance, one may formulate an effective hard-core square
model at the boundary between the saturated paramag-
netic phase and the checkerboard 1/2-plateau phase, be-
cause the energies of three-dimer clusters with the con-
figurations (1, 1, 1), (1, 1, 0), (1, 0, 1) and (0, 1, 0) must
inevitably become equal. If starting from the fully sat-
urated state we may place the singlet state on a dimer
without cost of any energy. However, two singlets cannot
be placed on nearest-neighbor dimers due to the restric-
tion on the allowed configurations, which leads to an ef-
fective hard-core repulsion between particles representing
singlets.
On the other hand, the ground state can be built
up from any combination of the cluster configurations
(0,0,0), (1,0,0) and (0,1,0), which are of equal energy at
the boundary between the singlet-dimer phase and the
stripe 1/3-plateau phase. Therefore, the triplon state
can be created in the singlet-dimer phase with the spe-
cial conditions of hard-core repulsion: two triplons can-
not be placed on the nearest-neighbor dimers as well as
on the next-nearest-neighbor dimers in a vertical (hor-
izontal) direction for the horizontal (vertical) dimer,
respectively. It is worth mentioning that the identi-
cal hard-core constraint for triplons was previously de-
duced for the spin-1/2 Heisenberg model on the Shastry-
Sutherland lattice.23 The stripe 1/3-plateau phase can be
thus viewed as the state with maximally dense packing of
triplets, which still satisfies the afore-described hard-core
constraint. Of course, other states with a lower density
of triplets are also allowed by the hard-core constraint,
whereas these states have the same energy as the singlet-
dimer and the stripe 1/3-plateau phase at their ground-
state boundary determined by the critical field h1. This
actually means that more complex ground states of the
Heisenberg model such as 1/8-, 1/6- or 1/4-plateau states
coexist together with the singlet-dimer and the stripe
1/3-plateau ground states along their ground-state phase
boundary.16,23
The boundary between the antiferromagnetic phase
and the stripe 1/3-plateau phase is somewhat differ-
ent. Namely, the three-dimer configuration (-1,1,0) can
be additionally realized at the respective boundary be-
sides the configurations (1,-1,1), (-1,1,-1) and (1,0,0),
(0,1,0), which are building block of the antiferromagnetic
and stripe 1/3-plateau phases. With regard to this, the
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boundary between these two ground states includes a lot
of unexpected spin configurations. For instance, the fer-
romagnetic chain in the stripe 1/3-plateau phase can be
extended to a set of ferromagnetically ordered chains,
whereas the neighboring chains are magnetized in oppo-
site directions with respect to each other and side chains
are directed along the magnetic field. The situation at
the boundary between the stripe 1/3-plateau phase and
the checkerboard 1/2-plateau phase is quite similar. Any
random spin configuration involving antiferromagnetic
and ferromagnetic stripes is possible whenever the fer-
romagnetic stripes are separated from each other by one
or two antiferromagnetic stripes.
Last but not least, let us compare our exact results for
the ground state of the spin-1/2 Ising-Heisenberg model
on the Shastry-Sutherland lattice with the known results
for the analogous but fully quantum spin-1/2 Heisenberg
model on the Shastry-Sutherland lattice obtained within
the framework of various numerical approaches.5–17,23
The zero-field ground states of the Ising-Heisenberg and
Heisenberg models are quite similar in two limiting cases
corresponding either to the weak inter-dimer coupling
J ′ ≪ 1 or to the strong inter-dimer coupling J ′ ≫ 1. As
a matter of fact, the singlet-dimer phase is the ground
state of the Ising-Heisenberg as well as of Heisenberg
model in the limiting case of weak inter-dimer coupling
J ′ ≪ 1, while the quantum reduction of local magneti-
zation is the only relevant difference between the classi-
cal and quantum antiferromagnetic ground state of the
Ising-Heisenberg and Heisenberg models in the other lim-
iting case of the strong inter-dimer coupling J ′ ≫ 1.
Hence, the most substantial difference between the zero-
field ground states of both these models can be detected
at moderate values of the inter-dimer interaction J ′ ≈ 1.
It is worth recalling that the Ising-Heisenberg model with
the isotropic Heisenberg intra-dimer interaction shows a
direct first-order phase transition between the singlet-
dimer phase and the antiferromagnetic phase at the spe-
cific value of the inter-dimer interaction J ′ = 1 in con-
trast to the more complex behavior of the full quantum
Heisenberg model, which exhibits an additional plaque-
tte zero-field ground state in a range of moderate values
of the inter-dimer coupling 0.675 < J ′ < 0.765.5–9
The ground-state phase diagram of the spin-1/2 Ising-
Heisenberg model on the Shastry-Sutherland lattice in
the J ′ − h plane is confronted in Fig. 6 with the
analogous ground-state phase diagram of the spin-1/2
quantum Heisenberg model on the Shastry-Sutherland
lattice adapted from the numerical data reported in
Refs. [12,23]. Although there is still some controversy
about the microscopic nature, size and total number of
magnetization plateaus of the spin-1/2 Heisenberg model
on the Shastry-Sutherland lattice in a non-zero magnetic
field, the microscopic nature of the stripe 1/3-plateau and
checkerboard 1/2-plateau has been firmly corroborated
by numerous precise numerical methods along with a few
more subtle 1/4- and 2/5-plateaus the nature of which is
nowadays under intensive debate7,10–17,23,38. It is quite
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FIG. 6: (Color online) Comparison between the ground-
state phase diagrams of the spin-1/2 Ising-Heisenberg and
Heisenberg models on the Shastry-Sutherland model. Solid
(black) lines represent the ground-state phase boundaries for
the Ising-Heisenberg model (2) with the isotropic Heisenberg
intra-dimer coupling ∆ = 1. Filled circles are exact diag-
onalization data of the pure quantum Heisenberg model for
N = 36 spins and the broken curve represents the CORE
results for the same model adapted from Ref. [12]. Empty
squares and circles show the boundaries of the 1/3- and 1/2-
plateaux obtained with iPEPS in Ref. [23].
remarkable that the simplified Ising-Heisenberg model
correctly reproduces the microscopic nature of the stripe
1/3-plateau and the checkerboard 1/2-plateau of the full
quantum Heisenberg model, whereas it gives through the
exact eigenvector (23) some additional insight into the
microscopic origin of the stripe 1/3-plateau state and
the related quantum reduction of local magnetizations.
In addition, it surprisingly turns out that the ground-
state phase diagrams of the Ising-Heisenberg and Heisen-
berg models are in a relatively good quantitative agree-
ment not only in the limit of weakly interacting dimers
J ′ → 0 but up to moderate values of the inter-dimer in-
teraction J ′ ≈ 0.5. It is quite tempting to conjecture,
moreover, that more subtle stripe 1/4- and 2/5-plateau
states of the quantum Heisenberg model are merely sta-
bilized by means of the transverse (XX) component of
the inter-dimer interaction, because these states coexist
in the Ising-Heisenberg model at the singlet-dimer vs.
stripe 1/3-plateau phase boundary and respectively, at
the stripe 1/3-plateau vs. the checkerboard 1/2-plateau
phase boundary. This result would imply that the Ising-
Heisenberg model can be considered as a good starting
point for the perturbative treatment of the full quantum
Heisenberg model.
Let us complete this section by the discussion of the
application to some real compounds. In SrCu2(BO3)2,
early thermodynamic measurements7 as well as the re-
cent determination of the boundaries of the 1/3- and
1/2-plateaux21,23 point to a ratio J ′/J ≈ 0.63. For this
ratio, our Ising-Heisenberg model shows quite close re-
sults for the boundaries of the 1/3-plateau, while the
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boundaries of the 1/2-plateau are quite different from
those of the Heisenberg model (see Fig. 6). This dis-
crepancy is caused by the wide region of 1/3- and 2/5-
supersolid phases below 1/2-plateau and the spin-liquid-
like phase above it that were observed in the Heisen-
berg model.23 Therefore, the upper boundary of 1/2-
plateau is rather related to the saturation field of the
corresponding Heisenberg model. We can briefly con-
sider another compound with the magnetic structure
the Shastry-Sutherland model, (CuCl)Ca2Nb3O10.
43–45
It corresponds to the isotropic Heisenberg model with
strong antiferromagnetic intra-dimer and ferromagnetic
inter-dimer couplings, and shows a transition from a spin-
singlet ground state to the magnetized phase at the crit-
ical field 7.8 T which correspond to a Zeeman energy
of 11.1 K.45 From Eq. (34) we can estimate the rela-
tion between intra-dimer and inter-dimer interactions as
J − |J ′| ≈ 11.1 K. The results for the Heisenberg and
Ising-Heisenberg model perfectly coincide in this partic-
ular case, since they both describe a direct field-induced
transition from the phase of uncorrelated singlets to po-
larized dimers. The main reason for this surprising quan-
titative agreement is that the quantum (XY ) part of the
inter-dimer interaction has no effect on both aforemen-
tioned phases of the corresponding Heisenberg model.
IV. CONCLUSIONS
The present work deals with the ground-state behavior
of the spin-1/2 Ising-Heisenberg model on the Shastry-
Sutherland lattice with the XXZ Heisenberg intra-dimer
interaction and the Ising inter-dimer interaction. Ex-
act ground states of the model have been obtained by
two independent procedures leading to equivalent effec-
tive Hamiltonians: the former one takes advantage of a
local unitary transformation in order to establish a rig-
orous mapping correspondence with an effective classical
spin-1 model, while the latter method leads to an effective
hard-core boson model by a graph-based continuous uni-
tary transformation. Apart from the exact ground states
and ground-state phase diagrams we have also studied in
some detail the degeneracy at particular phase bound-
aries.
It has been demonstrated that the spin-1/2 Ising-
Heisenberg model on the Shastry-Sutherland lattice ex-
hibits a zero-temperature magnetization curve with just
two intermediate plateaus at 1/3 and 1/2 of the sat-
uration magnetization. The 1/3-plateau corresponds
to a regular alternation of diagonal stripes of polar-
ized dimers with two diagonal stripes of spin-singlet-like
dimers, while a checkerboard ordering of singlets and po-
larized triplets takes place at the 1/2-plateau. The mi-
croscopic nature of the remarkable stripe 1/3-plateau has
been thoroughly investigated with the help of the corre-
sponding exact eigenvector, which shows that the quan-
tum reduction of the local magnetization within this pe-
culiar ground state is due to the competition between the
Ising inter-dimer coupling and the transverse part of the
XXZ Heisenberg intra-dimer coupling.
The rigorous results for the spin-1/2 Ising-Heisenberg
model on the Shastry-Sutherland lattice have been also
compared with the analogous results for the purely clas-
sical Ising and full quantum Heisenberg models. It has
been verified that the ground-state phase diagrams of
the Ising-Heisenberg and Heisenberg models are in a rel-
atively good quantitative accordance up to moderate val-
ues of the inter-dimer coupling J ′ ≈ 0.5. In addition, it
has been shown that the 1/8-, 1/6-, and 1/4-plateaus co-
exist at the phase boundary between the singlet-dimer
phase and the stripe 1/3-plateau phase and similarly,
the stripe 2/5-plateau coexists at the phase boundary
between the stripe 1/3-plateau and checkerboard 1/2-
plateau. This result suggests that the exactly solved
Ising-Heisenberg model could be used as a good starting
point for a perturbative treatment of its full quantum
Heisenberg counterpart model in order to find out how
the transverse component of the XXZ inter-dimer inter-
action can stabilize those plateau states. This issue is a
challenging task left for future investigation.
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